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Preface

These notes were prepared for a four day short course on empirical process theory for ad-
vanced undergraduate and graduate students at the School of Statistics and Data Science,
Nankai University. The material is mostly compiled from Kato's (2017) lecture notes, |Ver-
shynin’s (2012) overview article, and the textbook by Boucheron et al.| (2013)). The text-
books by Pollard, (1984), van der Vaart and Wellner (1996)), and |Giné and Nickl (2015) may
also serve as excellent references on the topics in this short course.

It is impossible to cover all aspect of the theory of empirical processes in just four
lectures (even if each lecture is three hours long). However, I did try to make these notes
self-contained, and with few exceptions provide proofs of all claims and theorems. The main
material covered and its sources are:

e sub-Gaussian and sub-exponential random variables, with applications to finite and
structured sets, with proofs due to [Vershynin| (2012) and |Boucheron et al. (2013);

e symmetrization inequalities, with proofs due to |[Kato| (2017) and |Giné and Nickl
(2015);

e maximal inequalities, with (modified) proofs due to [Kato| (2017)) and Boucheron et al.
(2013));

e uniform laws of large numbers and central limit theorems for empirical processes, with
proofs due to Kato (2017) and van der Vaart and Wellner| (1996)), and examples due
to [Pollard, (1984).

Empirical process theory is notorious for its measurability issues. To make this expo-
sition accessible for a broad audience and to allow for a fast-paced lecture, I follow Kato
(2017) and assume throughout that the classes of functions are pointwise measurable. I
introduce the notions of outer expectation and probability only towards the end of lecture
series and only in the context of weak convergence.

I would like to specially thank Professors Zhaojun Wang and Changliang Zou for inviting
me to Nankai University and their warm hospitality that made my stay in Tianjin so
memorable.

Tianjin, December 24, 2018
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Notation and setting

e Let (2, A,P) be an underlying probability space that should be understood in the
context.

e Let (5,8, P) be a probability space. Let X1, Xa, ... be i.i.d S-valued random variables
with common distribution P. We think of X7, Xo,... as the coordinates of the infinite
product probability space (SN,SN , PN), which may be embedded in an even larger
probability space (e.g. when the symmetrization technique is used).

e For any probability measure ) on a measurable space (S5,S) and any measurable
function f : S — [—00, 0] we use the notation Qf := [ fdQ whenever the integral
exists. Further, for 1 < p < oo, let LP(Q) denote the space of all measurable functions
f: S — R such that || f]lg, := (Q|f|P)Y/P < co. We define the supremum-norm as

1 £lloo := supges [ f(2)]-

e Given two measurable spaces (S,S) and (T, 7), a mapping f S — T is said to be
S/T-measurable or simply measurable if f~(T) C S,ie. f7YB):={s€ S: f(s) €
B} € Sforall B € T. A random element of T is a map X : (Q,A,P) — (T, T) such
that X is /7 -measurable.

e Let F be a collection of measurable functions S — R, to which a measurable envelope
F :S — [0,00) is attached. An envelope F' of F is a function such that F(z) >
supsex | f(z)] for all 2 € S. Unless otherwise stated, we assume that F C L'(P).
To avoid measurability problems, we assume that F is pointwise measurable, i.e. F
contains a countable subset G such that for every f € JF there exists a sequence
{gm}m>1 € G such that g,,,(z) — f(x) for all z € S. Observe that if F € L'(P), then
by the dominated convergence theorem {f —Pf : f € F} is also pointwise measurable.
For a detailed discussion of pointwise measurability we refer to Section 2.3 in jvan der
Vaart and Wellner| (1996).

The existence of a measurable envelope is indeed an assumption. Under pointwise
measurability, a measurable envelope exists if and only if F is pointwise bounded
(ie., supper < oo for each z € ). The function F' = supscr|f| is the minimal
envelope but we allow for other choices.

e For aset T, let £°°(T") denote the space of all bounded functions 7' — R, equipped with
the supremum norm || f||7 := sup,cr | f(t)|. A non-negative function d : T'xT" — [0, co]
is called a semi-metric if it satisfies the following three properties: (i) d(t,t) = 0, (ii)
d(s,t) = d(t,s); (iii) d(s,t) < d(s,u) + d(u,t). If in addition d(s,t) = 0 implies that
s = t, then d is a metric. Equipped with a semi-metric d, (T, d) is called a semi-metric
space.
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1 Introduction

Let X1,..., X, be a random sample of i.i.d. real-valued random variables with distribution
function F' and corresponding probability measure P on R. Then, the empirical distribution
function of the random sample is defined as

1 n
Fn(2) =~ > l(-ocal(Xi), 2 €R.
=1

In other words, for each € R the quantity F,(z) is the relative frequency of X;’s in the
random sample that are less than or equal to x. Two basic results concerning the empirical
distribution function F,, are the Glivenko-Cantelli and the Donsker theorem.

Theorem 1 (Glivenko-Cantelli).

IF,, — F|lcc = sup ‘Fn(x) — F(a?)‘ == 0.
zeR

Theorem 2 (Donsker).
Vi(Fn = F) =5 U(F) in DR, ]| [,

where D(R, || -||so) s the space of cadlagﬂfunctions, and U is the standard Brownian bridge
process on [0,1]. That is, U is a centered Gaussian process with covariance function

E[U(s)U(t)] =sAt—st, Vs,tel0,1].

In this course we are going to substantially generalize these two results. In particular,
if observations are in a more general sample space X (such as R?, a Riemannian manifold,
a space of functions, ...), then the empirical distribution function F,, is not a very natural
object. It becomes more natural to consider the empirical measure P, indexed by some
class of real-valued functions F on X. By this we mean the following: Let Xi,...,X,, be
an i.i.d. random sample on X’ drawn from P. Then, the empirical measure P, is defined as

1 n
Pn = gZ(gX“
i=1

where d, denotes the Dirac-measure at z. In other words, P, denotes the random discrete
probability measure which puts mass 1/n at each of the n points Xy, ..., X,,. Thus, for any
Borel set A C X,

):}{ign:XiGA}}7

n

1 n
P, (A) = — 14(X;
)= ol
and for a real-valued function f on X,

Pa(f)i= [ FdP, =37 f0X0),
i=1

'Right continuous and with left limit existing at each point.



P(f) = / fdP = E[f(X1)].

Let F be a collection of real-valued functions defined on X, then {P,(f): f € F} is called
the empirical measure indexed by F. The corresponding empirical process is defined as

Gy, = \/H(Pn — P),

and the collection of random variables {Gn( f): feF } is called the empirical process
indexed by F.

Remark 1 (Empirical distribution function). The classical distribution function for real-
valued random variables can be viewed as a special case with X =R and F = {1(_00736] tx €

R}.

The goal of empirical process theory is to study the properties of approximating P f
by P,f uniformly in F (assuming that P(f) < oo for all f € F). In particular, one is
interested in the following two types of results:

e Glivenko-Cantelli-type results: Under what conditions on F does

|P, — P||7 = sup|P,f — Pf| - 0 almost surely/ in L'/ in probability?
fer

e Donsker-type results: Under what conditions on F does {Gn( f):feF } converge as
a process to some limit object?

To answer these questions, we need to develop a modicum of empirical processes. In
Section [2| we introduce the notion of sub-Gaussian and sub-exponential random variables.
These families of random variables have tails that decay exponentially fast and this allows
us to easily establish results for collections of (countably) many events simultaneously. In
Section |3| we discuss the symmetrization technique that allows us to reduce many problems
involving arbitrary random variables to the case of sub-Gaussian random variables. In
Section [4] we develop maximal inequalities based on the chaining technique and entropy
conditions. In the last Section[5} using the techniques derived in the previous three sections,
we finally find answers to above questions. In particular, we establish a uniform law of large
numbers (Glivenko-Cantelli-type result) and a functional central limit theorem for empirical
processes (Donsker-type result).



2 Sub-Gaussian and sub-exponential probability distributions

FEmpirical process theory is concerned with laws of large numbers and central limit theorems
that hold uniformly over a function class F. In this section, we introduce two families of
probability distributions — the sub-Gaussian and the sub-exponential family — that play a
crucial role in establishing uniform result. Both families have tails that decay exponentially
fast. We will see in later sections that such tail behavior helps us to establish results for
collections of (countably) many events simultaneously by simply adding up the exponentially
small tail probabilities.

2.1 Sub-Gaussian random variables
Recall the following properties of the standard normal distribution.

Proposition 1. Let Z ~ N(0,1) be a centered normal random variable with mean zero
and unit variance. Then, for all X € R,

E[e)‘z] = e/\2/2, (1)

for all integers p > 1,

1/p
Bllzr) = va () T~ o(p), @)

and for all t > 0,
P{|Z| >t} < 27/ (3)

Proof. The first claim follows by completing the squares, i.e.

\2/2
E[eA ] e)‘te_tg/zdt ¢

Z:m/_m T Ve

The second claim follows by integration, i.e.

o 2 0
IE[|Z|p] :/0 P{|Z]| >t}ptp_1dt: \/7/ ptp—le—t2/2dt

S\P/2=1 =5 L1 +p/2)
\[/ (o) * e ds = 2 p e

where in () use the substitution ¢ = (2s)'/2. The third claim is proved as follows: Let
A > 0 be a parameter to be chosen later. By Markov’s inequality and the first claim, we
obtain

e—(t—)\)2/2dt _ e,\2/2.

P{Z >t} = p{e/\Z > e/\t} < e_’\t]E[e)‘Z] _ e_,\t+>\2/2_

Optimizing in A and thus choosing A = ¢, we conclude that P{Z >t} < e~t/2, Repeating
this argument for —Z, we also find that P{Z < —t} < e~¥/2. Combining these two bound
we conclude that P{|Z| >t} < 2¢~1*/2. O



Theses three properties are in fact equivalent — a moment generating function as in [T}
a moment growth condition as in , and a super-exponential decay of the tail probability

as in .

Theorem 3. Let X be a random variable. Then the following properties are equivalent with
parameters K; > 0 differing from each other by at most an absolute constant factor. E|

1. Tails: P{|X| >t} < e=/KT for all t > 0;
2. Moments: E[|X ] 1/ < Ka\/p for allp > 1;
3. Super-exponential moment: E[eXQ/Kg] <e.
Moreover, if E[X] = 0 then properties 1-3 are also equivalent to the following:
4. Moment generating function: E[etX] < et*K} for allt € R.

Proof. 1. = 2. Assume that property 1 holds. Without loss of generality we can assume
that K1 = 1; the general case follows by considering X K;. We compute

BIXP) = [Pz as [Tt

2P e (PrE) 2 (56

where (a) follows by substituting ¢ with s'/2 and (b) follows from Stirling’s approximation,
which guarantees that v2rn™t1/2¢=m < nl < en™1/2¢=". Taking the p-th root yields
property 2 for some absolute constant K.

2. = 3. Assume that property 2 holds. Without loss of generality we can assume that
Ky =1. Let 0 < ¢ < (2e — 1)/(2€?). Then,

) 2 ) )
X2 c’E [X p} cP(2p)?P » 1
E[e ]_pg() p! S}; p! SPZZO(%C) —1_2€C§e,

where the first inequality follows from property 2 and the second from the lower bound of
Stirling’s approximation, i.e. n! > (n/e)™. This gives property 3 with K3 = ¢~1/2.

3. = 1. Assume that property 3 holds. Without loss of generality we can assume that
K3 = 1. By Markov’s inequality we have

P{X|> 6} =P{c¥ <’} <R[ <7

This implies property 1 with K7 = 1.
2. = 4. Assume that property 2 holds and that E[X] = 0. Without loss of generality
we can assume that Ko = 1. Denote by X’ an independent copy of X. Then,

n (@) o= PE[(X — X")?%
E[etX]E[e—tX] :E[et(X—X)} (:)Z [((2p)! ) ]’
p=0

2The precise meaning of this equivalence is as follows: There exists an absolute constant C' > 0 such that
property ¢ implies property j with parameter K; < CK; for any two properties i,5 € {1,2,3,4}.



where (a) follows since E[(X — X')?*1] = 0 by symmetry of X — X’. Since  — z? is
convex, it follows that

E[(X - X)) < 2% (E[x%] + E[X™]) = 27E[X?].
Therefore, by the property 2,

APE[(X - X')?P] _ > 42P92P (2p)P
(2p)! T ()

E[etX]E[e—tX] — >

Now, observe the following: Since 1 —x < e~ % for all x € R, we have

E[e™¥] > 1 —¢E[X] =1, (4)
and for every integer p > 1,
(2 ) p p
T +5) = [T = 2. (5)
p ]: j:1

Using these two observations, we conclude that

X 12po2 X 12po2 X 12po2
tp2p2p tp2ppp 12P22P P 2,2
tX _ _2%et
B <) i Sl S22 =
p=0 p=0 p=0

where the first inequality follows from , the second from and the third from the lower
bound of Sterling’s approximation. Thus, property 4 holds with K4 = 1/v/4e.

4. = 1. Assume that property 4 holds. Without loss of generality we can assume that
K4 = 1. Now, proceed as in the proof of Proposition |1| eq. . Conclude that property 1
holds with K7 = 2. O

Remark 2. The constants 1 and e in properties 1 and 8 are chosen for convenience. The
value 1 can be replaced by any positive number and e by any number greater than 1.

Remark 3. The assumption E[X] = 0 is only needed to prove necessity of property 4;
sufficiency holds without this assumption.

This equivalence motivates the notion of a sub-Gaussian random variable.

Definition 1 (Sub-Gaussian random variable and sub-Gaussian norm). A random variable
X that satisfies one of the equivalent properties 1 — 3 in Theorem[3 is called a sub-Gaussian
random variable. The sub-Gaussian norm of X, denoted by || X||y,, is defined to be the
smallest Ko for which property 2 holds, i.e.

1X ]|y, = supp~/2E[| X 7] /7.
p>1



Remark 4. By Theorem[3 every sub-Gaussian random variable X satisfies:

P{|X]| >t} < 1IN, for all ¢ >0, 6

(6)
E[ X" < p'/?||X [y, forall p> 1, (7)
(8)
)

E [ecXQ/nxn;iQ} <e g

E [etX] < eCtQHXH?% forall ¢t € R, whenever E[X]| =0, 9

where C,c > 0 are absolute constants.

Remark 5. Classical example of sub-Gaussian random variables are the following:

1. Gaussian: A normal random variable with variance o2

Co, where C > 0 is an absolute constant.

is sub-Gaussian with || X||y, <

2. Bernoulli/ Rademacher: Consider a random variable X with distribution P{X = —1}
=P{X =1} =1/2. We call X a symmetric Bernoulli random variable/ Rademacher
random variable. Since |X| =1, it follows that X is a sub-Gaussian random variable
with ||AX||¢2 =1.

3. Bounded: Consider a bounded random wvariable X, i.e. |X| < M almost surely
for some M. Then X is a sub-Gaussian random variable with || X||y, < M. More
compactly, we may write || X ||y, < || X|oo-

Recall that the normal distribution is rotation invariant. Given a finite number of
independent centered normal random variables X;, their sum ), X; is also a centered
normal random variable with Var (3", X;) = >, Var(X;). Sub-Gaussian random variables
are also rotation invariant, although only approximately:

Lemma 1 (Rotation invariance). Consider a finite number of independent centered sub-
Gaussian random variables X;. Then ), X; is also a centered sub-Gaussian random variable

and
.

where C' > 0 is an absolute constant.

2
2
<Cy X3,
2 @
Proof. We estimate the moment generating function. By independence and property @
we have for all t € R,

E |exp <tZX>

=K Hexp(tXi)] = HE[GXP(tXi)]

< [ exp(Cot®|| Xill7,) = exp (C’Ot2 > ||XZ-|@2> .

(2 K3

By the equivalence of properties 2 and 4 in Theorem |3 we conclude that |3, Xl-prQ <
1/2

4 (Co > HXZHiJ , where C; > 0 is an absolute constant. The proof is complete by

setting C = 0103/2. O



We record the following two important consequences of the rotational invariance of
sub-Gaussian random variables.

Proposition 2 (Hoeffding-type inequality). Let X7,..., X, be independent centered sub-
Gaussian random variables, and let K = max; || X;|y,. Then, for every a € R"™ and every

t >0, we have
ct?
P >ty <e-exp|———1,
{, - }— p( K2||au2>

n
3ok
1=1
Proof. The rotation invariance (Lemma ) implies that ||, aiXiHi2 <Cyr, a?HXiH12p2 <

where ¢ > 0 is an absolute constant.

CK?||al|3. The claim follows now from Property (6]. O

Proposition 3 (Khintchine inequality). Let Xy, ..., X,, be independent centered sub-Gaussian
random variables with unit variance and | X;||y, < K. Then, for every a € R" and every

p > 2, we have
p\ 1/p n 1/2
) < CKp'/? <Z a?) ,

n 1/2
i=1 = i=1

n
E a; X;
=1

where C' > 0 is an absolute constant.

Proof. The lower bound follows by independence and Hélder’s inequality. The upper bound
follows by the rotation invariance (Lemma (1)) and property O

2.2 Sub-exponential random variables

Apart from sub-Gaussian random variables we often encounter random variables that have
exponential decaying tail probabilities but the decay is slower than Gaussian. Recall the
standard exponential random variable with exponential tail decay

P{X>t}=¢" t>0. (10)

As for the sub-Gaussian random variables, there exists a similar characterization for random
variables that have exponential tails as in .

Theorem 4. Let X be a random variable. Then the following properties are equivalent with
parameters K; > 0 differing from each other by at most an absolute constant factor.

1. Tails: P{|X| >t} < e EY for all t > 0;
2. Moments: E[\X\p]l/p < Kop for allp > 1;
3. Exponential moment: E[eX/Kﬂ <e.

Proof. The proof is similar to the proof of Theorem |3} we therefore omit it. O



We summarize this phenomenon in the following definition.

Definition 2 (Sub-exponential random variable and sub-exponential norm). A random
variable X that satisfies one of the equivalent properties 1 — 3 in Theorem [{] is called a
sub-exponential random variable. The sub-exponential norm of X, denoted by ||X|y,, is
defined to be the smallest Ko for which property 2 holds, i.e.

_ 1
1X ]|y, = supp™ E[|X]7] 7.
p>1

Remark 6. By Theorem [f] every sub-exponential random variable X satisfies:

P{|X]| >t} <e'=IXlvi forall t >0, (11)
E[|X[”)'? < p|X|ly, forall p>1, (12)
E |:60X2/”XH11)1:| S e, (13)

where C,c > 0 are absolute constants.

The moment generating function of a sub-exponential random variable has a similar
upper bound as the one of a sub-Gaussian random variable. However, the difference is that
the bound only holds in a neighborhood of zero rather than the whole real line. This is
inevitable, since the moment generating function of the standard exponential distribution
does not exist for ¢ > 1.

Lemma 2. Let X be a centered sub-exponential random wvariable. Then, for t € R such
that |t| < c/|| X ||y, we have

2] X |2
E[etx] a Hm,

where C,c > 0 are absolute constants.

Proof. Without loss of generality we assume that ||X ||, = 1 by replacing X with X /|| X||,,
and t with ¢ X||,,. We have by property and the lower bound in Stirling’s approxi-
mation,

oo tpE Xp (o9} p o0
E[e'*] =1 +tE[X] + E ZE!] <1+ E tpzip <1+ E (2[t])P.
p=2 p=2 p=2

For |t| < 1/(2e) the right hand side in above display is bounded by 1 + 2¢€%t? < 2’ This
complete the proof. ]

Record several useful properties of sub-exponential random variables.

Proposition 4 (Sub-exponential is sub-Gaussian squared). A random variable X is sub-
Gaussian if and only if X? is sub-exponential. Moreover,

X113, < 11Xy, < 2 X13,.



Proof. This follows easily from the definition. O
Proposition 5 (Centering). Let X be a random variable. Then,
X = E[X][ly, <2[X]ly, and [|X —E[X][|,, <2[[X[ly,-

Proof. We only consider the sub-Gaussian case; the sub-exponential follows analogously.
If || X ||y, = oo the statements are trivially true. Suppose || X|y, < co. By the triangle
inequality we have || X —E[X]|,, < [|X[ly, + [[E[X][ly,. Now, observe that [E[X][|y, =
IE[X]| < E|X| < || X[y, Combine these two inequalities to conclude. O

Proposition 6 (Bernstein-type inequality). Let X1,..., X, be independent centered sub-
exponential random variables, and K = max; || X;||y,. Then, for every a € R™ and every

tgeq0, we have
P Sib <o ( { et })
>ty <2exp | —cmin ) ,
: K2||all3” Kl

n
> aiXi
=1

where ¢ > 0 is an absolute constant.

Proof. Without loss of generality, we assume that K = 1 by replacing X; with X;/K and ¢
with t/K. Define S = )" | a;X;. Then by Markov’s inequality we have for every A > 0,

P{S >t} = P{eAs > e,\t} < efAtE[e)\S] _ ef)\tHE[e)\aiXi].
i=1
If [A| < ¢/||aljos, then [Aa;| < cfor all i =1,...,n. So, by Lemma 2]

n
2.2 2 2
i=1

Choosing A = min{t/(2C||a|3), ¢/| ||}, We obtain

12 t
P{S >t} <exp <cmin{ , })
521 10Tal2’ 2allw

Repeating the argument for —X; instead of X;, we obtain the same bound for P{—S > t}.
The claim follows by combining these two bounds. O

2.3 Application: Maxima over finite and structured sets

We discuss several uniform results for finite sets of parameters and sets with special (geo-
metric) properties. This is a first step towards the more general uniform results over infinite
sets of parameters that we will establish in subsequent sections.

We focus on results for sub-Gaussian random variables; similar results (with analogous
proofs) hold for sub-exponential random variables, too.



Maxima over finite sets

Theorem 5 (Maximum over a finite set). Let X1,..., X, be centered sub-Gaussian random
variables, and K = max; || X;||y,. Then, there exists an absolute constant C' > 0 such that

E Lmax X] < CK+/logn, and E Lrgag \XZ]] < CK+/log2n.
<3<n Stsn

Moreover, for any t > 0,

P { max X; > t} <ne' =K and IF’{ max | X;| > t} < opel /K7,
1<i<n 1<i<

where ¢ > 0 is an absolute constant.

Proof. For every A > 0, we have by Jensen’s inequality,

2 s, ] < J1ogB [ X = TogE | ) < o <ZE[AXD

Whence, by property [9] of centered sub-Gaussian random variables,

1 - logn
E [max XZ} < Xlog (Z eCKQ,\2> logn n CK2>\2

1<i<n A

where C' > 0 is an absolute constant. Taking A = \/(logn)/C K? and adjusting the constant
C > 0 yields the first inequality in expectation.

The first inequality in probability follows from a simple union bound and property @
of sub-Gaussian random variables,

. — < < 1— Ct2/K2
P{E%Xpt} P | (x>t} Z]P{X >t} < mne

1<i<n =

where ¢ > 0 is an absolute constant.
To prove the two remaining inequalities for maxj<;<y, | X;| observe that

max |X;| = max X;,
1<i<n 1<i<2n
where X,,1; = —X; for i = 1,...,n, and proceed as above. O

Remark 7. Note that the random variables need not be independent.

Remark 8. Extending these results to a mazrimum over an infinite set may be impossible.
For example, if X1, Xo, ..., Xp,. .. is an infinite sequence of i.i.d. N(0,1) random variables,
then for any n > 1 and for any t > 0,

P{max X7;>t} =1-P{X; <t})" =1, n—oo.
1<i<n

However, if X1,Xo,...,X,,... is an infinite sequence of the same random variable X, we
have for any n > 1 and for any t > 0,

]P’{lmaxX >t}:1—IP{X1§t}<1.

Thus, in the infinite dimensional case the correlation between the X;’s must play a role.

10



Maxima over convex polytopes

In statistical problems we often find that the maximum of random variables over an infinite
set is in fact finite. This is due to the fact that the random variables are not independent
from each other. In the following, we review two examples in which geometric properties of
sets induce dependencies among the random variables.

Definition 3 (Convex Polytope). A convex polytope P is a compact convex set with a finite
number of vertices V(P) called extreme points.

Remark 9. A convez polytope P satisfies P = conv(V(P)), where conv(V(P)) denotes the
convex hull of the vertice of P.

Polytopes arise naturally in many statistical problems. For example, let X € R? be a
random vector and consider the (infinite) family of random variables

F={0#X:0€cP},

where P C R? is a polytope with n vertices. While the family F is infinite, the maximum
over F can be reduced to a finite maximum:

Lemma 3. Consider a linear form x — cx, x,¢c € R, Then, for any convex polytope
P c R4,

/ /
maxcr = max cz,
zeP zeV(P)

where V(P) denotes the set of vertices of P.

Proof. Assume that V(P) = {v1,...,v,}. Every z € P = conv(V(P)) can be written as
the convex combination of elements in V(P). That is, there exist nonnegative numbers
Aoy Any Do A = 1 such that = >0 | A\jv;. Thus,

n

n n
de=¢ Z Ny | < Z Nicv; < \; max cr = max czx.
i1 im1 — zeV(P) zeV(P)

Thus, we have

/ / /
maxcr < max cx < maxcz,
zeP zeV(P) zeP

and hence the two quantities are equal. O
An immediate consequence is the following theorem:

Theorem 6 (Maximum over a convex polytope). Let P be a polytope with n vertices
v1,...,0n € R? and let X € R? be a centered random variable with maxi<i<p ||V} X ||y, < K.
Then, there erists an absolute constant C' > 0 such that

E [maxH/X] < CK+/logn, and E |:I;1aPX|(9/X|:| < CK+/log2n.
€

0P

11



Moreover, for any t > 0,

P{maxﬂ’X > t} < el and IP’{maX|9’X| > t} < 2nel /K2
oeP 9cP

where ¢ > 0 18 an absolute constant.

Remark 10. The standard example for polytope with a small number of vertices is the
1-ball in R with radius R > 0, i.e. {a; cRe: Z‘jzl |z;| < R}. This polytope has exactly

2d wvertices.
Maxima over Euclidean balls
The Euclidean ball in R? with radius R > 0 is given by
d
By(R) = {:cE]Rd Dy ap < R}.
i=1

While By(R) is not a polytope, we can still control the maximum of a random variable
indexed by Bgi(R). This is possible because there exists a finite subset of B;(R) such that
the maximum over this finite set is of the same order as the maximum over the entire ball.

Definition 4 (e-nets of Euclidean balls). Fiz ¢ € (0,R]. An e-net of Bg(R) is a subset
N C By(R) such that for every x € By(R) there exists a v € N with d(z,v) < e.

Lemma 4 (Covering numbers of Euclidean balls). Fize € (0, R]. The Euclidean ball By(R)
has an e-net N with respect to the Euclidean distance of cardinality |N'| < (1 + %)d

Proof. To show existence of an e-net N of By(R) consider the following iterative procedure:
Choose z1 = 0. For any ¢ > 2, take any x; to be any « € B4(R) such that |z — x;| > ¢ for
all j < 4. If no such x exists, stop the procedure. Clearly, this will create an e-net.

Next, we control the size of N'. By definition of an e-net, |z — y| > € for all z,y € N.
Thus, the Euclidean balls of radii £/2 centered at the points in A/ are disjoint. Moreover,

U frrsu()) el ).

xE

where {z + Bg(R)} = {z +y : y € Ba(R)}. Therefore, measuring the volumes, we get

vt (8 (10 ) 200 (U {o0(5)}) = o ({0 (5)}).

Recall that vol (z 4+ B4(R)) = vol (B4(R)) = R%ol(B4(1)) for all radii R > 0. Hence, above

display implies
e\d e\d
) > -z
(r+3) 2N(3)
and the claim follows. O

12



Theorem 7 (Maximum over Euclidean balls). Let X € R? be a random vector such that
maxges,(r) |10/ X ||, < K. Then, there exists an absolute constant Cy > 0 such that

E[ max H’X] :E[ max |0X|] < 201K Vd.
0eBy(R) 0eBy(R)

Moreover, for any § > 0, with probability at least 1 — §, it holds that

max 6'X = max \H’X] < 20, KVd + 205K \/log(1/0),
GEBd(R) GEBd

where Coy > 0 is an absolute constant.

Proof. Set ¢ = R/2. By Lemma [4] there exists an e-net N of By(R) with respect to the
Euclidean norm with cardinality |A| < 59. Next, given X, choose 6* € By(R) for which

max |#'X|= max X =0"X
0eBy(R) QEBd(R)

and pick € N such that ||§* — z||2 < e. Then,

max 0'X < X'(0* — z) + max X'z <= max 0'X | + max X'v.
0B, (R) zeN R 0cB,4(R) vEN

Thus,

max 0'X < (1 —&/R)"" max X'v < 2max X'v.
0eBy(R) veN veN

Therefore, by Theorem [5| we get

E [ max 0 X} < 2E [maXX v] < 20K /log|N] < 201K +/(log5)d < 2C1 KV d,

0€B4(R) veN

for some absolute constant Cy > 0.
The bound with high probability follows because by Theorem

P{ max 6/X >tp <P 2maxv'X >t < [Nel™ ct?/K? < oltd(logh)—ct?/K?
0eBy(R) veN

To conclude, choose t > 0 such that
eltdlogd)—cl?/K> < 5 s 2> K2/c 4 dlog(5)K%/c + K2 /clog(1/6)

Hence, it suffices to choose t = 2Co K v/d + 2Cy K /log(1/6), where Cy > 0 is some absolute
constant. ]

Remark 11. We expect that K = Kpg in applications; so that the bound does indeed depend
on the diameter 2R of the £5-ball.

13



3 Symmetrization

In this section we show that instead of analyzing the empirical process
1 n
Gunf = Vn(P, — P)f = —=Y (f(X;) — Pf)
vn i=1
we can as well analyze the symmetrized empirical process
1 n
Gy f:=vnP,f = 7 ;ffif(Xi),

where €1, . .., &, are independent Rademacher random variables independent of X1,..., X,,.
(A Rademacher random variable € is a random variable taking +1 with equal probability.)

The advantage of a symmetrized process is that it is easier to control than the original
process. In particular, even though Y 7" | (f(X;) — Pf) may have only low order moments,
the symmetrized process > .- ; €; f(X;) is sub-Gaussian conditionally on X7, ..., X,. There-
fore, we can hope to apply the maximum inequalities derived in the previous section to the
symmetrized process.

3.1 Symmetrization inequalities

The following is the simplest symmetrization inequality.

Theorem 8. Suppose that Pf =0 forall f € F. Letey,..., e, be independent Rademacher
random variables independent of X1,...,X,. Let ® : Ry — Ry be a non-decreasing conver
function, and let p : F — R be a bounded functional such that {f + u(f) : f € F} is

pointwise measurable. Then,
F = F
n

> (; =) > (X
<E [@ (2 > ei(f(X) + ulf) )] :
‘F

i=1
Proof. We begin with proving the left inequality. We caim that for any disjoint index sets

A,BcCAl,...,n},
gl b)) o
F F

Indeed, by pointwise measurability, there exists a countable subset G C F such that for any
f € F there exists a sequence g, € G with g,, — f pointwise. Then,

> F(X) > F(X) Zf(Xi)]

i€A i€EA 1€B

E <E

(14)

E

> F(X)

1€A

Z f(Xi)

1€AUB

)

g

Y F(X)+E

i€A

F g

14



where the last equality holds since Pf = 0 for each f € F. Fix any x; € S, i € A and
observe that by Jensen’s inequality we have

<E
g

> flzi) +E

1€A

> f(Xi)]
i€B

@)+ f(X)

1€A icB

g

Since @ is non-decreasing and convex above display implies that

Zf(Xi)]

i€B

i) Zf(:cz)—FE

€A

<O (E Zf(xi)+2f(Xi)

g €A i€B g

<SE|® | 1Y flw)+ ) F(X) ;

€A i€B g

where the second inequality follows from again from Jensen’s inequality (formally, if the
expectation inside ® does not exist, we apply Jensen’s inequality after truncation, and then
take the limit). Applying Fubini’s theorem and using the fact that ||>,c 405 f(Xi)Hg =

HZieAUB f(X,;)H}. we obtain the inequality (L5).

Now, compute
P <|Zﬁif(Xi) )]
=1 F

Ex

=Ex |@ | ||>rx)- Y f(x)
| g;=1 g;i=—1 F
<gEx |23 sex| ||+ g2 (2] 3 s
ei=1 F gi=—1 F
<E @(2 > F(X) )]
i=1 F

where the first inequality follows by convexity of ® and the second from inequality .
Another application of Fubini’s theorem leads to the left inequality in ([14]).

We now turn to the right inequality in . Let Xp41,..., X2, be an independent copy
of X1,..., Xy,. Then, using the same argument used to prove inequality , we have

E [@( > F(X) ) —E <1>< D (F(X0) —E[f (Xn4s)) )]
<E|® < Z(f(Xi) — f(Xn4i)) )] :
]_‘

=1

15



Because (X, Xp+4) 4 (Xnti, X;) for each ¢ = 1,...,n, and the (X1, X;41), ..., (Xn, Xon)
are independent the last expression in is equal to

“|o (% )]

’Il

- f(Xn—H))

=1
n

% ( Zez u(1)) ) %E ® (2 &i (f(Xnti) + n(f)) )]
i=1 F i=1 F
|
=1 F
This completes the proof. O

Remark 12. We will often use the symmetrization inequality with ®(x) = P for some
p>1and u(f) = Pf, when F is not P-centered. In this case,
P
|
]:

1 n
lg [ S° ) - P)
i=1
Theorem 9. Let €1,...,&, be independent Rademacher random wvariables independent of
X1,...,Xn. Let p: F — R be a bounded functional such that {f + u(f) : f € F} is
pointwise measurable. Then, for every x > 0,
. }

IP’{ . ) >:):}§2IP’{4
=1 F

where By, () is any constant such that By (x) < infrer P{|> 7, f(X;) < x/2|}. In particu-
lar, if Pf =0 for all f € F, we may take Bn(x) = 1 — (4n/z?) SUpfer Pf2.

p n p

> (f(Xi) - Pf)

=1

<E

Zéif(X

< 2PE

F F

There is an analogous symmetrization inequality for probabilities.

n

> ei(f(X) + ulf)

i=1

Proof. The second assertion follows from Markov’s inequality. We shall prove the first
assertion only. Let X,,11,..., X9, be an independent copy of X1,...,X,. Define the event
E, = {||Z?:1 J(Xngi)ll £ > x} Note that &, is independent of Xi,...,X,. If &, holds

true, then there exists a function f € F such that ‘Z?:l f(Xn4i)| > 2. For this f, we have

ula) < P{ ()
=1
P { > (f(X0) = f(Xnta))

=1
]P){

X
< 5 |Xn+1,...,X2n,5n}

IA

X
> 5 | XnJrl,...,Xgn,gn}

n

Z (f(Xi) = f(Xn+a))

=1

IN

x
> 5 | Xn+17"'7X2n78TL}-
f
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The far left and right hand sides in above display do not depend on f . Integrate the two
sides out with respect to X, 11, ..., X9, over the set defined by &,. We obtain

IP’{ Y ) >x}§IP’{ >;}
i=1 F F

Because (X;, Xp+i) 4 (Xnti, X;) for each i = 1,...,n, and the (X1, Xp41),- .-, (Xn, Xon)
are independent the last expression is equal to
D e f(Xi) = f(Xnta))

x
P _
=1 F
—HP’{

T
<P —
F F
x
< 2P — .
]:

This completes the proof. O

n

D (f(Xi) = f(Xnpa))

=1

Xn+i

n

> ei(f(X3) = ulf))
=1

Z&?i (f(Xz‘) - M(f))

i=1

n

Zfi (f(Xn+z') - M(f))

i=1

R

3.2 The contraction principle

A function ¢ : R — R is called a contraction if |p(z) — ¢(y)| < |x — y| for all z,y € R.

Theorem 10. Let ® : R, — Ry be a nondecreasing convex function. Let T C R™ be a
non-empty and bounded, and let €1,...,e, be independent Rademacher random variables.
Let ; : R = R, 1 <i<mn, be a contraction with ¢(0) = 0. Then,

2o (sep[Ssoc0) < [ (cp[ 0o

Proof. See |Ledoux and Talagrand (1996), Theorem 4.12. O

We have the following simple but important corollary.

Corollary 1. Let 02 > 0 be a positive constant such that o® > SUp fe r Pf?. Leteq,..., cn
be independent Rademacher random variables independent of X1,..., X,. Then,
n
< no? ;
] <no”+8E 1I£1ia<)§LF(X Z&f(X
F == i=1 F

Proof. By the triangle inequality,

+ D (FA(x) - Pr)|.

=1

)| < nPf?+
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Taking the supremum over f € F and applying the symmetrization inequality (Theorem,

we have
DA ]
=1 F

Fix X1,..., X, and let M = max;<;<p, F'(X;). Define the function ¢ : R — R by

E zn:€¢f2(Xi)

i=1

] §n02+2E

f

M? ifz>M
plr)=<qx?> if —M<z<M
M? if x < —M.

Then, ¢ is Lipschitz continuous with Lipschitz constant bounded by 2M, that is
lp(z) —e(y)| < 2Mlx —y|, Vr,y eR.

Hence, by the contraction principle (Theorem applied to ¢/(2M) we have

n n
E [ ef(Xi) ’Xla--an] <4ME [ > eif(X0) |X1,"'7Xn] :
=1 F i=1 F
Integrate out over Xi,..., X, to conclude. O
3.3 Lévy’s and Ottaviani’s inequalities
In this subsection, let Si(f) denote the partial sum
k
SHf) =Y f(Xi), k=1,...n
i=1
Proposition 7 (Lévy’s inequalities). Let X1, ..., X,, be independent random variables such
that f(X;), 1 <i <n are symmetric. Then, for everyt > 0,
P ty <2P t 1
{mas Isullr > e} <22 (18002 > 1) a7)
P{max sup | f(X,)] >t} < 2P {|ISullF > 1} (18)
1<i<n feF

Moreover, for every 0 < p < oo,

max sup | f(X;)|P

< 2E P, 1
1<i<n fer < 2 [[|Sn %] (19)

Pl < p
E Lréll?écn HSka] <2E[||Snll%] and E

Proof. We drop the sub-index F from the norms if no confusion may arise. Consider the
sets

A ={||Si|| <t, for1 <i<k—1, [|Skl| >t}, k=1,...,n.

18



Clearly, Ay N A; =0 for all k # j, and J}_; A = {maxi<g<n ||Sk|| > t}. (Ay is the event
that “the random walk S; leaves the ball of radius ¢ for the first time at time k£”.) For each
k <n, define
Sn(f) = Sk(f) = F(Xiya) =+ = f(Xa).
Note that by symmetry and independence,
d
(f(Xl)v cee 7f(Xn)) = (f(Xl)v SRR f(Xk)a _f(Xk-i-l)? EER) _f(Xn))
Thus, since Ay depends only on X1, ..., X; we have
P {4, N {ISull > 1} =P {axn {85 > ¢}
However, we also have

A= (A {lISall} > U (AN {ISEI} > 1}),

since otherwise there would exist w € Ay, such that 2||Sg(w)| = [|Sn(w) + SE(wW)|| < 2t, a
contradiction with the definition of Ag. The last two displayed identities imply that

P{Ac} < 2P{Ac 0[S0l > 1)}, k=1,....n.

Therefore,

IP’{ ml?é(nHSkH > t} = ZP{Ak} < QZ]P’{Ak N{[[Snll > t}} < 2P{||Sn| > t}.
- =1 k=1

1<

This proves the first inequality. The second inequality is proved in the same way, we only
have to redefine the Ay as

Ap = {sup [f(X)| <t forl <i<k—1,sup|f(Xp)| >tp, k=1,...,n,
fer fer

and SF(f) as
Sp(f) = =f(X0) =+ = F(Xpo1) + F(Xp) = f(Kpga) -+ = F(Xn).
The statements about the expected values follow from and using the formula

E[|X]"] :/O ptP 1B (X > 1} dt.

This completes the proof. O

Lévy’s inequality applies only to the symmetric (or symmetrized) empirical processes. A
slightly weaker inequality exists for empirical processes which are not necessarily symmetric.
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Proposition 8 (Ottaviani’s inequality). Let Xi,...,X,, be independent random variables.
Then, for all u,v > 0,

P {]|SllF > u}
P S > < , 20
{1I<nl?<xn|| kH]: u—l—v} - 1_man§nP{HSn_SkH]:>'U} ( )
and, for allt >0,
t
P S ty <3 P<|S — 7. 21
{150 >} < 3maxe sl > £} (21)

Proof. We drop the sub-index F from the norms if no confusion may arise. Consider the
sets

A ={||Sill <u+wv, for1 <i<k—1, ||[Skl| >u+v}, k=1,...,n.

Clearly, Ay, N A; = for all k # j, and J}_; A = {maxj<x<y ||Sk|| > u + v}. Therefore,

>
P (IS, > u} > P{HSnH >, o il > u+v}
> P{A N {]|Sn — Sell < v}}
k=1

=) P{A}P{|Sn — Skll < v}

k=1

> — — .
> (1= maxP IS, = il > 0) ) P 501> w0

This proves inequality .

We now prove inequality (21)). Note that if P {|[Sk|| >¢/3} > 1/3, inequality is
trivially satisfied. Therefore, it suffices to consider P {||Sk|| > t/3} < 1/3. Taking u = t/3
and v = 2t/3 in inequality , we have

P{l[Snll > ¢/3}
— maxg<, P{||Sn, — Skl > 2t/3}
maxp<n P{[|Skl > t/3}
~ 1 — 2maxg<, P{||Sk| > t/3}
< 3max P {[|Sy[ > #/3}.

IP’{ max ||Sg| > t} < 1

1<k<n

This concludes the proof. O

3.4 Application: Weak Glivenko Cantelli Theorem

To illustrate the usefulness of the symmetrization technique we prove the (weak) classical
Glivenko-Cantelli theorem and introduce the important concept of conditional Rademacher
averages. We provide two proofs: The first proof exploits the sub-Gaussianity of condi-
tional Rademacher averages, while the second proofe utilizes the symmetry of conditional
Radmacher averages via Lévy’s inequality.
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Theorem 11 (Weak Glivenko-Cantelli). Let X1, X,,,... € R be i.i.d. random variables
with common distribution function F. Then,

First Proof. By the symmetrization inequality (Theorem |8) we have

P
sup |— —0 as n — oo.

zeR

n

1
ﬁ Z 8il(—oo,z) (XZ)

=1

] |

Next, we reduce the problem of finding the supremum over the real line to finding the
maximum over a finite set. To this end, fix X7,..., X,, and note that the set

0 = {(1coom)(X1), - Loy (Xn)) €{0,1}" : 2 € R}

< 2E |sup
z€R

contains at most |©| < 2" distinct vectors in {0,1}". Define € = (1,...,&5). Then,
1 n
E = 1 X)) X1,..., X, | =n'E el | X1,..., X, .
[igg niz;ez ( oo,z)( D 1 Xa n] n |:19neae)){’ 5|| 15 y An

By Theorem [5| there exists an absolute constant C' > 0 (which is independent of the X;’s,
because 6 is bounded!) such that

C
—1 /

E Oel| X1, X | < —.
n [rgleag} el | X1,..., n]_\/ﬁ

Integrating out with respect to X1, ..., X,, we obtain
n
E [sup —Zl(_oo7$)(XZ)—F(:B) <——0 as n— oo.
z€eR i—1 n
This proofs the assertion. ]

Second Proof. By the symmetrization inequality (Theorem [§)) we have

Zé—z X ]

Next, we again reduce the problem of finding the supremum over the real line to finding the
maximum over a finite set. Fix Xi,..., X, and let o be a permutation of {1,...,n} such
that Xg(l) <...< Xg(n). Then,

Zl —ooy)(Xi) = F()

< 2E (sup |-
zeR

sup |—
zeR

— Imax
1<k<n

nZe
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Conditionally on Xj,..., X, the permuted Rademacher variables €, (1), ..., &5(,) are still
independent, symmetric Rademacher random variables. Thus, Lévy’s inequality (Theo-
rem (7)) implies that

k
1
E 1121%)(” n;sa(i) |X1a 7Xn]
1=
1
<2E *Zga(i) ‘Xh ~7Xn]
ni:l
1
=2E n;gi ’){17 ,Xn]
<

where the last inequality follows from Jensen’s inequality. Integrating out the last chain of

inequalities with respect to Xq,..., X,, we have
- 4
E — 1 X;)—F <——0 — 00.
ilelﬁ n Z ( oo,z)( l) (x) = \/ﬁ as n o0
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4 Maximal inequalities

This section is concerned with bounding moments of the supremum of an empirical process:

n p

> (f(X5) - Pf)

=1

E , 1<p<oco.

F

In contrast to previous sections, we now finally address the problem of how to bound the
supremum when the function class F is infinite. To do so, we first consider the more general
situation of bounding the supremum of a generic stochastic process indexed by a semi-metric
space. We then apply these general results to empirical processes.

4.1 Orlicz norms

Definition 5. Let ¢ be a nondecreasing, convex function with 1¥(0) = 0. The associated
Orlicz norm of a random variable X is defined as

nxm=mﬁc>mEp<%U]g§.

We set the infimum over the empty set equal to co.

Remark 13. For ¢(z) = 2P, p > 1 the associated Orlicz norm reduces to the Ly-norm

| X|lp = E[|X|P] e, However, we are more interested in functions given by 1, (z) = e —1
for p > 1, which give much more weight to the tails of X. Clearly, the sub-Gaussian s-
norm (Deﬁnitz'on and the sub-exponential Y1-norm (Deﬁm’tion@ belong to this class of
Orlicz norms.

Lemma 5. Let X be a random wvariable such that 0 < || X|ly < oco. Then we have
E[o(1X]/1X]l)] = 1.

Proof. Let (c¢m)m>1 be a sequence of positive constants such that E[¢(]X|/cy)] < 1 and
¢m 4 || X||y- By the monotone convergence theorem,

e [o (e )| -2 e (5] - e o (5] =

Thus, || X[y, € {C>0:E[¢(]X]|/C)] <1}. Since 1 is nondecreasing, it follows that
E [ (1X1/1 X)) = 1. O

Proposition 9. The Orlicz norm || - ||y is a norm on the space of all random variables X
(up to almost sure equivalences) such that || X ||, < oco.

Proof. First we show absolute homogeneity. Let a € R be arbitrary. By Lemma [f]

= [ (e )| == i) === G )|

Comparing the far left with the far right side in above display, we conclude that [[aX |y =
la||| Xy for all a € R.
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Second, we show positive definiteness. Suppose that || X/, = 0. By convexity of ¢ and
Jensen’s inequality, for all ¢ > 0,

¢ (E[IX]]/e) <E[p(|X]/e)] < 1.

But this can only hold true if E[|X|] = 0. This implies that X = 0 almost surely.
Third, we show the triangle inequality. Let X;, ¢ = 1,2, be two random variables such
that ¢; := || X;|ly < 00, i =1,2. Define A := ¢1/(c1 + c2). By monotonicity and convexity

of ¥,
|X1—|-X2| |X1|+|X2|
E[w( €1+ ¢ >] EP( €1+ ¢ >]
“mfo (32 -y )]
C1 C2
- (0

anfo (B« oe o (5]

=1,

IN

where the last equality follows by Lemma This shows that [| X1 + Xally < | Xilly +
1 X2]|- O

Proposition 10. Let X be a random wvariable such that 0 < || X[y, < oo. Consider a
sequence of random variables (X, )m>1 such that X, T X almost surely. Then, || Xy T
X -

Proof. Since by monotonicity of ¢, X, < X, for all m > 1, implies that || X, |y < || X[y,
for all m > 1. Hence, since || X||;, < oo there exists a constant 0 < ¢ < ||.X ||y such that
| Xm| T c. Suppose that ¢ = 0. Then, X,, = 0 almost surely for all m > and thus X =0
almost surely. Then || X||, = 0, i.e. [ Xy T || X]|y. Now suppose that ¢ > 0. By the
monotone convergence theorem lim,_, E[¢ (| Xs]/c)] = E[¢ (] X]|/c)]. But that implies
1X]ly < ¢. Hence, X ly = ¢ and Xl 1 | Xl O

The reason why Orlicz norms play an important role in empirical process theory lies in
the following theorem.

Theorem 12. Let ¢ be a convez, nondecreasing, nonzero function with ¥(0) = 0 and, for
some constant c,

@)y (y)

lim sup —+—>~ < 0.
x,y—>0<l>) Y(cxy)

Then, for any random variables X1, ..., Xm,

max X;
1<i<m

< -1 ,
LS K= (m) 1r§niéggnllellw,

for a constant K depending only on .
Proof. See van der Vaart and Wellner| (1996), Lemma 2.2.2. O
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Remark 14. For our purposes the value of the constant K is irrelevant. The important
conclusion is that the inverse of the -function determines the size of the -norm of a
mazimum in comparison to the y-norm of the individual term. For functions yy(x) = e’ —1
the growth is at most logarithmic, since

v (m) = (log(1 4+ m))"/?.

This is a huge improvement over bounds for general L,-norms based on (x) = aP, for
which = (m) = m/?.

Remark 15. The bound a¥ < e — 1 for x > 0 implies that | X||, < || X||y, for each p.
Now, revisit the bounds obtained in Section [2.3

Remark 16. Any Orlicz norm can be used to obtain an estimate of the tail of a distribution.
By Markov’s inequality, for any t > 0,

o> e{o (i) > ()< ()

For ¢,(x) = € —1 this leads to tail estimates of order exp (—CaP) for any random variable
with a finite v,-norm. Conversely, an exponential tail bound of this type shows that || X ||y,
is finite. Now, revisit Theorems[3 and[]] on the equivalent characterizations of sub-Gaussian
and sub-exponential random variables, respectively.

4.2 Maximal inequalities based on covering numbers

Theorem [12] is useless in the case of a maximum over infinitely many variables. In this
subsection we show how such a case can be handled by breaking up the maximum in little
chunks and repeatedly applying Theorem This technique is known as chaining.

Definition 6 (Stochastic process). A collection of random variables X = {X(t) : t € T}
on (2, A, P) with values in R is called a stochastic process with index set T'.

Remark 17. For each w € Q, the map t — X (t,w) is called a sample path.

Definition 7 (Separable stochastic process). Let (T, d) be a semi-metric space. A stochastic
process X = {X(t) : t € T} is called separable if there exists a null set N and a countable
subset Ty C T such that for every open set G C T and every closed set F' C R,

{Xt)e F:teGNTp}\{X(t)e F:te G} C N.

Remark 18. The notion of a separable stochastic process allows us to avoid measurability
problems. In particular, for a separable stochastic process X, sup,cp | X (t)| is measurable
since the supremum over T reduces to the supremum over a countable subset of T

Definition 8 (e-net). Let (T, d) be a semi-metric space and € > 0. An e-net of T is a subset
T. C T with maximal cardinality such that for all s,t € T, with s # t, one has d(s,t) > ¢
(i.e. every pair of distinct elements of Ts is e-separated).
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Definition 9 (Packing number). Let (T, d) be a semi-metric space and € > 0. The packing
number D(T,d,€) is defined as the mazximal number of e-separated points in T

Remark 19. In other words, the packing number D(T,d,€) of T is the maximal number of
disjoint closed balls of radius £/2 that can be packed into T'.

Definition 10 (Covering number). Let (T,d) be a semi-metric space and € > 0. The
covering number N(T,d,e) of T is defined as the minimal number of closed balls of radius
€ that are needed to cover T'.

Remark 20. Note that the map € — N(T,d, ) is non-increasing, and T is totally bounded
if and only if N(T,d,e) < oo for alle > 0. The covering number N(T,d, €) is not monotonic
in T in the sense that S C T does not necessarily imply that N(S,d,e) < N(T,d,e). This
is because a net of T may not not be a net of S since a point in the net of T may lie outside

of S.

Lemma 6 (Equivalence of covering and packing numbers). Let (T,d) be a semi-metric
space and € > 0. Then,

D(T,d,2¢) < N(T,d,e) < D(T,d,e).

Proof. Let {z1,...,xp} be a 2e-separated set and {z],..., 2y} be an e-net. Then we can
assign to each point z; a point z) with d(z;,z}) < e. This assignment is unique since the
points x; are 2e-separated. Indeed, the assumption that two points x;,x;, j # ¢, can be
assigned to the same point . would lead to a contradiction d(z;, ;) < d(zj, })+d(x;, x),) <
2e. Thus, it follows that D(T,d,2¢) < N(T,d,e).

Now, let {z1,...,2p} be a maximally e-separated set. Then it is also a e-net. Indeed,
if there was a point x that is not covered by a ball with radius € and center x; for any
j € {1,...,D}, then d(z,z;) > € for all j € {1,...,D}. But this would contradict the
maximality. Thus, it follows that N(T,d,e) < D(T,d, ). O

The following is the main theorem of this section.

Theorem 13. Let (T,d) be a semi-metric space, let X = {X(t) : t € T} be a separable
stochastic process, and let 1 be function satisfying the conditions of Theorem [1Z such that

1X(s) = X(t)|ly < Cd(s,t), V¥s,teT, (22)

where C' > 0 is some constant. Then, for any § >0 and 0 <n < 4,

sup ‘X(s) — X(t)‘
d(s,t)<d

SK[ [ oo aa)i ot (A @
" 0

for a constant K > 0 depending on ¢ and C' only.

Corollary 2. The constant K > 0 can be chosen such that

sup | X(s) — X (t)]
s,teT

diam(7T)
< K/ v H(D(T,d,¢))de.
0
¥
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Definition 11 (Sub-Gaussian stochastic process). Let (T,d) be a semi-metric space. A
stochastic process {X (t) : t € T'} is called sub-Gaussian with respect to the semi-metric d if
there exist absolute constants C,c > 0 such that

P(|X(s) — X(t)| > 2) < Ce /TG s teT, x>0,

Remark 21. Note that by Definition[5 and the equivalent characterizations of sub-Gaussian
random variables in eq. (6)), above tail bound is equivalent to || X(s) — X ()|, < Cd(s,1)
for all s,t € T and some constant C' > 0.

Corollary 3. Let {X(t) : t € T} be a separable sub-Gaussian process. Then for every
0 >0,

E

6
sup ’X(s)—X(t)}] gK/O V1oeg D(T,d, €)de,

d(s,£)<6

for a universal constant K > 0. In particular, for any to,

oo

E {Sup ]X(t)|] < E[|X(to)]] +K/ Vlog D(T, d, ¢)de.
teT 0

Proof of Theorem 13 Without loss of generality, we can assume that the entropy integral

on the right hand side of is finite, since otherwise the statement is trivially true.

By assumption, X = {X(¢) : t € T} is a separable stochastic process; therefore (see

Definition [7)) there exists a countable subset S C T such that

sup ‘X(s) — X(t)}
d(s,t)<é

Y d(s,t)<6

By the monotone convergence theorem (Proposition we can now assume that S is finite,
say |S] < oo.

We iteratively construct a collection of subsets of S as follows: Fix n < 4§. Let Sy be a
n-net of S. For j > 1, set n; = n277 and let S; be a n;-net of S such that S;_; C Sj. Stop if
no such set S; can be found. (Indeed, since S is finite, this procedure will stop eventually.)
We make the following three observations: First, the sets are nested and exhaust S, i.e.
there exists an integer J < oo such that

SCcScCc...cS;1CcS;=58.

Second, for all j > 0, the size of each set is no larger than the corresponding packing
number, i.e.

155| < D(T', d, ;). (24)
Third, for all j > 0, there exist mappings m; : S — S; such that

d(s,mjs) <m; VseS, (25)

27



and since S; C Sj4+1, we may choose the mappings such that
7Tj+1Sj = Sj Vj > 0. (26)
Now, compute

sup [ X(s) = X ()| < | sup |X(s) = X(mos) = (X(0) = X(mot))

s,teS s,teS

d(s,t)<6 " d(s,t)<é » 27
+ || sup ‘X(?T()S) - X(mﬁﬁ))‘
Ao s “
We first bound the first time term on the right of . Note that
sup ‘X(s) ~ X(mos) — (X(t) - X(wot))‘
A3 1)<
J-1 J—1
= sup | (X(mj18) = X(m59)) = Y (X(mjat) = X(mj0)) (28)
s,tesS . -
d(sy<s 1720 7=0
J-1
<2 Z sup ’X(?Tj+18) — X(mjs)|.
=0 ses

By construction of the sets S; and the projections m; (see —) the supremum in the
last line in above display is taken only over at most D(T,d,n;+1) elements. Moreover,

by , for all s € S,
d(mjp18,mjs) < d(mjq1s,8) +d(s,mjs) < mjy1 +n; < 30541

Thus, taking the ¥-norm over both sides of inequality and applying Theorem [12|to the
right side, we have

J—1
sup | X(s) = X(mos) — (X()) = X(mot)) || < 6KC D07 (DT, dymji1))mia
s,tes j:[)

d(s,t)<o "
n
§24KC/ v Y(D(T,d,e))de.  (29)
0

We now bound the second term on the right side of (27). Note that sup{‘X(ﬁos) —
X(mot)| : s,t € S, d(s,t) < &} is a supremum over at most D*(T,d,n) distinct elements
which are at most 3§ apart (since be the triangle inequality d(mys,mot) < d(s,mos) +
d(t,mot) + d(s,t) < 2n+ 4 < 38). Thus, by Theorem [12] we have

sup |X(mos) — X(mot)||| < 3KCy~'(D*(T,d,n))s. (30)
A5 s “
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The proof is completed by combining the upper bounds in and and choosing
a large enough constant K > 0. O

Proof of Corollary[3. Apply Theorem [13|with n = § = diam(T") and note that D(T',d,n) =
1. Then, 6y~ (D?*(T,d,n)) = diam(T)y~*(1). Since ¢! is a decreasing function, this term
can be absorbed into the integral by increasing the constant K. O

Proof of Corollary[3. Apply Theorem with ¥a(z) = e — 1 and n = 6. Note that
Y51 (m) = \/log(1 +m). To conclude, adjust the constants. O

4.3 Application: Rademacher averages and empirical processes

In this subsection we apply the maximal inequality from Theorem [I3]to empirical processes.
We begin with a result on simple Rademacher averages and then move to more general
function classes. These results will be instrumental in showing that a function class F is
Glivenko-Cantelli and/ or Donsker.

A maximal inequality for Rademacher averages
Proposition 11. Let T be a nonempty and bounded subset of R™ with norm |t|,2 =

(nil Yoy t?)l/Z. Let e1,...,e, be independent Rademacher random variables. Then,

sup
tel

1 O n
=2t < ¢ [ s N ULz,
=1 2 0

where 0y, 1= Supycr |t|n2 and C > 0 is an absolute constant.

Proof. Let T'=T U{0}. Define the stochastic process

1 n
X(t) = %Zeiti, t=(t1,....tn) €T.
=1

Rademacher random variables are sub-Gaussian (see Remark 4). Hence, we shall apply

Theorem [3| with 1) = 1)9. Recall that 1y~!(m) = y/log(1 + m) and by Proposition
”X(t) - X(S)sz < C|t - S’m?’ Vs,t € T?

where C' > 0 is some absolute constant. Thus, X satisfies the Lipschitz continuity condi-
tion with d(s,t) := [t — s|n,2. By Theorem [L3| with ¢y = 0

n

D ~
< C/ \/log(l + N(T,d,¢e)de,
0
2

where D is the diameter of T.
Note that N(T',d,e) > 2 for 0 < € < D/2. Since log(1 +m) < 2logm for m > 2, we
have

D — D/2 -
/0 \/log(1+N(T,d,£))d5§2/O \/log(l—i—N(T,d,E))da
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D/2 -
< 2\/5/ \/1Iog N(T,d,e)de
0

A change of variables leads to the conclusion. O

Remark 22. When T is finite, we have N(T'U{0},|-|n2,¢) < 1+ Card(T) for any e > 0.
In this case, above result simplifies to

1 n
Y
\/ﬁ =1

The right hand side is similar to the bounds that we have derived in Section[2.3. However,
the statement here is stronger, since it provides an upper bound on the Ys-norm not the
f9-norm.

sup < Coyy/log(1 + Card(T)). (31)

teT

A maximal inequality for empirical processes

Proposition [11] combined with a symmetrization argument can be used to derive maximal
inequalities for empirical processes. We give two examples. Define the uniform entropy
integral as

é
16.7.F) = [ sup 14106 N(Z. |- laz el Flg2)ie
0

where the supremum is taken over all finitely discrete distributions.

Theorem 14. Let 1 < p < oco. Suppose that F € LPV?(P). Then there exists a constant
C, depending only on p such that

1/p
< CpJ (L, F, F)[|F| ppve-

p

F.

Proof. Leteq,..., e, beindependent Rademacher random variables independent of X1,..., X,,.
By the symmetrization inequality (Theorem ,
P
||zsif<x> ] .
1 F

Condition on Xy,...,X,. By there exists a constant C), > 0 depending only on p such
that

—-Pf)| | <2¥E

p
F

P
1 n
[HIZM | X1, X | < CF %Zezfo@) :
F =1 F ’L,Z)2|X1,...,Xn
where || - |ly,(x,,..., x,, denotes the ¢p-norm evaluated conditionally on X1, ..., Xp.

30



Observe that supfef(1’3nf2)1/2 < ||F||p,,2- Now, conditionally on X1,..., X, apply the
Proposition 11| to the right side with T = {(f(X1),..., f(Xy)) : f € F}, to obtain,

1 & 11l Py, 2
T2 Y e (x) <o [ U0 N )i
i=1 Fllgo x1,X0 0
1
= CIFlna [ 1+ 108 NF - p,20e| Pl 2)de
0
< CIFlp, 2 (1, F, F).
Apply Fubini’s theorem to integrate out over Xi,..., X,, and Jensen’s inequality to

upper bound E [HFHPRQ} < HFH%pvz.
L]

Remark 23. Note the similarity how symmetrization and conditioning are used in this
proof and the first proof of the weak Glivenko-Cantelli theorem (Theorem .
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5 Limit Theorems

In this section we consider two types of uniform convergence problems. First, we derive
conditions under which the supremum of an empirical process is uniformly small, i.e.

| P, — P|| — 0 almost surely/ in L'/ in probability.

Second, we discuss conditions under which the rescaled empirical process converges weakly
to a tight Gaussian process, i.e.

Vn(P, — P) ~~ G in (*(F),

where {Gf : f € F} is a Gaussian process indexed by F and ¢°°(F) denotes the space of
all bounded functions F — R equipped with the uniform norm || f|lcc = sup,cr |f(2)]-

5.1 Uniform laws of large numbers for empirical processes

We discuss two uniform laws of large numbers for empirical processes. The first theorem is
rather simple and based on entropy with bracketing. Its proof relies on finite approximation
and the strong law of large numbers for real-valued random variables. The second theorem
uses random Lj-entropy numbers and is proved via symmetrization followed by a maximal
inequality.

Recall that we assume that the functions f € F are pointwise measurable (we will often
only write measurable or omit the qualifier all together) in order to avoid measurability
problems.

A uniform law of large numbers via bracketing

Definition 12 (Bracketing numbers). Given two functions | and u the bracket [I,u] is the
set of all functions f with | < f < wu. An e-bracket is a bracket [l,u] with d(l,u) < e. The
bracketing number Nj(F,d,¢) is the minimal number of e-brackets needed to cover F.

Theorem 15. Let F be such that Ny(F, ||| p1,€) < oo for alle > 0. Then ||P,—P||x — 0
almost surely.

Proof. Fix ¢ > 0. By assumption there exist finitely many e-brackets [l;,,,] whose union
contains F and such that P(u; — ;) < € for every i. Then, for every f € F, there is a
bracket such that

(P, —P)f <(P,—P)uj+ P(u; — f) < (P, — P)u; +¢.
Thus, by the uniform law of large numbers for real valued random variables,

sup(P, — P)f < max(P, — P)u; +¢ =% ¢.
feF :

Similarly, for every f € F, there is a bracket such that
(Pn_P)fZ (Pn_P)li+P(li_f) > (Pn_P)li_a
And again by the uniform law of large numbers for real valued random variables,
inf (P, — P)f > min(P, — P)l; — e =% —¢.
Inf( )f = min( i —e 2

Conclude that lim sup,, . || P, — P||F < € for every € > 0. This yields the claim. O
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A uniform law of large numbers via random Li-entropy numbers

The condition on the bracketing number in the preceding theorem is rather restrictive and
at times difficult to verify for a given function class F. The next theorem introduces a
weaker entropy condition based on random Li-covering numbers. For M > 0 define the
truncated function class

Theorem 16. If PF < co and log N(Fu, | - ||p..1,€) 5 0asn— o for every M > 0 and
every € > 0, then ||P, — P|| 50, and thus | P. — P|lx — 0 almost surely and in L'.

Proof. Leteq,..., e, beindependent Rademacher random variables independent of X1, ..., X,.
By the symmetrization inequality (Theorem ,

b

E(|P, - Pl < 2E

1
<2E 'n Zngl{FgM}(Xl) + 2E | Zé‘lf 1{F>M}( i) ] .
=1 F F
The second term is bounded by
—ZIE Xi)l(poay(Xi)] = 2PFlipapy — 0 as M — oo.

Therefore, we are left to show that for every M > 0,

1 n
*Zf:‘z‘fl{FgM}(Xi) ] —0 as n— oo.
n =1 F
Fix X;,...,X,,. For ¢ > 0, let G be an e-net of Fj; with respect to the semi-metric

|l - llp,.,1- We compute,

1 n
E [Hn Z eif 1 r<an (Xi)
=1

|X17""Xn]
F

1 n
Ezezg(Xl) |X17"'aXn +e
— g

1 +log N(Fum, | -
<5+C¢<+% FEv - llrere)
n gy

1+ log N .
S&-{—CM\/ + log (fM7H HPn,l,ff)

n
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where the second inequality follows from . We have that

E

1 P
Ezngl{FSM}(XZ> ’XhaXn] — 0.
i=1

F

Since the random quantity in above display is bounded in M, its expectation converges to
zero by the dominated convergence theorem. This concludes the proof that || P, — P||z — 0
in mean. That it also converges almost surely follows from the fact that the sequence
| P, — P||F is a reverse martingale with respect to a suitably defined filtration. For a proof
of this part, see van der Vaart and Wellner| (1996]), Theorem 2.4.3. O

Corollary 4. If PF < oo and n~tlog N(F,| - ||p,.1,¢l|Fllp,.1) 50asn— oo for every
e >0, then ||P, — P||r 5 0, and thus || P, — P||z — 0 almost surely and in L.

Proof. By Theorem [16| we have to check that log N(Far, || - [|p,.1,¢€) 5 0asn — oo for
every M > 0 and every € > 0. Without loss of generality we can assume that PF >
0. Then, by the law of large numbers [|F|p,1 = P,F" — PF almost surely and hence
P(||F||p,1 < 2PF) — 1. Since log N(Fu.| - ||p,.1,6) < log N(F,| - ||p,.1,€/2) we have
that, on the event {||F||p,1 < 2PF},

log N(Fus, || - [|P,.1,€) <log N(F, | - [Py 1, €| Fl[ 1 /(4P F)).

Together with the hypothesis this implies log N (Far, || - || p,,15€) 5 0asn — oo for every
M > 0 and every € > 0. O

Remark 24. The the scaling of the € with ||F| p,1 may appear unnecessarily complicated.
Howewver, this is in fact the great virtue of this result, as it can be shown that for a wide
range of different function classes F the entropy log N(F, || - || p, 1, €l Fllp,,1) is vanishingly
small compared to n. The prime example of such function classes are so-called VC-type
classes F which satisfy for some constants A > 1, V > 1 and an envelope F,

SgpN(f» I Qe ellFlloz) < (A/e)Y, 0<e<1,

where the supremum is taken over all finitely discrete probability measures. See also the
proof of below Lemma[§

5.2 Weak convergence of sample-bounded stochastic processes

Rigorously developing the weak convergence theory for sample-bounded stochastic processes
requires more time than just one lecture. Therefore, in this subsection we do not provide
proofs; instead we discuss two examples/ challenges that have motivated the development of
this theory. We focus on why the statements and conditions of the theorems are reasonable,
not how they are proved.

Definition 13 (Sample-bounded stochastic process). A stochastic process X = {X(t) :t €
T} is said to be sample-bounded if sup,cr | X (t,w)| < 0o for all w € Q.
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Remark 25. If X is a sample-bounded stochastic process indexed by a non-empty set T,
X can be viewed as a map X : Q — £°(T), where £>°(T) denotes the set of all bounded
functions on T equipped with the supremum norm || f|ls = supser | f(1)].

Consider the following definition of weak convergence in metric spaces.

Definition 14 (Weak convergence in metric spaces). Let (S,S) be a measurable space
equipped with some metric. A sequence {Xp}n>1 of random elements of S converges weakly
to a random element X , written X,, — X, if and only if

E[f(Xn)] = E[f(X)], (32)
for every bounded, continuous, Borel-measurable function f from S into R.

We would like to extend this weak convergence concept to sample-bounded stochastic
processes. In particular, we hope to develop a notion of weak convergence that can be
applied to empirical processes indexed by a large class of functions F. However, already
the simple empirical distribution function [F,, is not Borel-measurable as a map from {2 into

>([0,1]).

Example 1 (Non-measurability of the empirical distribution function). Let Xi,..., X, be
independent uniform random variables on [0,1]. Recall the empirical distribution function

1 n
Fo(t,w) = ngw,ﬂ (Xi(w)), 0<t<1
i=1

The map w +— Fy(t,w) is not Borel measurable. To see this, let Y (t,w) = 1j 4 (X1(w)) =
Lix, (), (t), t € [0,1]. Let Bs be the open ball in £°([0,1]) with center 1(s,1]and radius
1/2. Then, Y(-,w) € Bs if and only if X1(w) = s. So, for any subset A C [0,1], {w :
Y(-,w) € UgeaBs} = {X1 € A}. But if A is a non-measurable subset of [0,1] then the
collection of open balls UscaBs cannot be measurable either. Hence, w — F,(t,w) is not
Borel-measurable.

Thus, we now give up the requirement that the X,’s need to be random elements of
¢>(T). To define weak convergence of not necessarily Borel-measurable maps from € into
¢°(T) we will therefore introduce the concept of outer expectation.

Definition 15 (Outer expectation). Let Y :  — [—o00,00]. The outer expectation of ¥
with respect to P is defined by

E*Y] =inf {E[W]: W > Y, W : Q — [—o0, 0] measurable and E[I] exists}.

Remark 26. The outer expectation is defined for all maps Y : Q — [—o00,00], since we
may take W = +o0.

Definition 16 (Outer probability). For any A C Q, the outer probability for P is defined
by

P*(A) =inf {P(B) : BD A,B € A}.
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We summarize the for us important properties of outer expectation and outer probability
in the following lemma.

Lemma 7. Consider the map Y : Q — [—00, o0].

(i) There exists an a.s.-unique measurable map Y* : Q — [—00, 00] such that Y* >Y and
if W Q — [—00,00] is measurable and W >Y a.s., then W > Y™* a.s. We call Y*
the measurable cover of Y.

(i1) If E[Y™] exists, then E*[Y] = E[Y™].
(11i) For any x € R, P*{Y > a} =P{Y* > x}.
Proof. See |[Kato (2017), Lemma 15. O

Definition 17 (Tightness). Let (U,d) be a metric space. A random element X in U is said
to be tight if for every e > 0 there exists a compact set K C U such that P(X ¢ K) <e.

Definition 18 (Weak convergence of sample bounded stochastic processes). Let X, =
{X,(t) : t € T} be a sequence of sample-bounded stochastic processes indexed by T. We say
that X,,, viewed as maps from 0 into (>°(T), converges weakly to a tight random element
X in £°(T), denoted by X,, = X in £>°(T), if

E*[f(Xn)] — E[f(X)],
for every bounded, continuous function f from £>°(T) into R.

Remark 27. In this definition, the limit process X must be a tight random element in
(>(T), to guarantee that the expectation of f(X) is well-defined. The outer expectation is
needed to properly define the “expectation” of f(X,) as X, may not be a Borel-measurable
as maps from Q into £>°(T).

To make this definition operational we need primitive conditions such that any sequence
of stochastic processes X, on T converges weakly to a tight limit process X on T (in the

sense defined above). The following example illustrates what sort of primitive conditions is
needed.

Example 2 (Irregular sample paths and the failure of weak convergence). Consider the
stochastic process X, = {X,(t) : t € R}, where

Xn(t) = ntlp, n71](t) +(2- nt)l(n—l7 anl)(t).

Observe that for any t € R, lim,_,, X,,(t) = X (t) = 0. Therefore, for X,, to converge weakly
to X in the sense of Deﬁnition we need to show that E*|f(X,)] = E[f(X)] = f(0) for
any bounded, continuous function f from (>°(R) into R. We show that this is not the case.
Consider f : {*°(R) — R, where f(Z) = sup,cg |Z(t)|, Z € £°(R). Then, f is certainly
continuous with respect to the supremum norm || - ||oo. However,

E*[f(Xn)] = igﬂngn(t)\ =140= jlelﬂg\X(t)l =E[f(X)].

Here, weak convergence fails because the functional f depends on more than just a finite
number of fired values in R and the infinite collection of sample paths of X, is extremely
irregular. (Note that any finite collection of sample paths of Xy, is relatively well-behaved.)
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This example suggests that we may need to to control the (increments of the) sample
paths of the stochastic processes X,, in order to have weak convergence. This motivates the
following theorem:

Theorem 17. Let X,, = {X,(t) : t € T} be a sequence of sample-bounded stochastic
processes indexed by T'. The following statements are equivalent:

(i) X, converges weakly to a tight random element X in ¢>°(T).

(it) For everyty,...,t, € T and every k € N, (X (t1),..., X, (tx)) converges weakly, and
there exists a semi-metric d for which (T, d) is totally bounded and for every e > 0,

limlimsupP* ¢ sup | Xn(s) — Xn(t)| > p =0. (33)
010 n—oo s,teT
d(s,t)<é

If (ii) holds then the limit process X in (i) has sample paths almost surely uniformly d-
continuous. In addition, if X in (i) has sample paths almost surely uniformly p-continuous
for some semi-metric p that makes (T, p) totally bounded, then the semi-metric d in
can be taken to be d = p.

Proof. See Theorem 11 in Kato (2017). O

Remark 28. If the increments of X,, satisfy condition , then X, is called asymptoti-
cally uniformly d-equicontinuous in probability.

5.3 A uniform central limit theorem for empirical processes

In this section we establish a uniform central limit theorem for empirical processes indexed
by a function class F. Recall that we assume that the functions f € F are pointwise
measurable (we will often only write measurable) in order to avoid measurability issues.

Definition 19 (Gaussian process). Let X = {X(t) : t € T} be a stochastic process. X is
called a Gaussian process if for every ti,...,tp € T, and k € N, the joint distribution of
X(t1),...,X(tx) is normal.

Remark 29. Note that a tight random element X in a Banach space B is called Gaussian
if F(X) is Gaussian for every F € B*, where B* is the dual of B, i.e. B* is the set of
all continuous linear functionals on B. Recall that (¢>°(T), || - ||c) is @ Banach space. One
can show that if X = {X(t) : t € T} is a Gaussian process and a tight random element
in £°(T), then X is also a tight Gaussian random element in £>°(T). In fact, these two

interpretations are equivalent; see|Ledouz and Talagrand (1996]) for details.

Definition 20 (Pre-Gaussian class). A class F = {f : S — R : measurable} is called
P-pre-Gaussian if F C L%(P) and if there exists a tight Gaussian random element Gp of
(°°(F) such that E[Gp(f)] =0 and E[Gp(f)Gp(g)] for all f,g € F.
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Remark 30. For F C L%*(P), Kolmogorov’s extension theorem guarantees that there ex-
ists a Gaussian process {Gp(f) : f € F} such that Gp satisfies that E[Gp(f)] =0 and
E[Gp(f)Gp(g)] for all f,g € F. Definition requires that Gp is tight as a random
element in 0>°(F).

Definition 21 (Donsker class). Let F = {f : S — R : measurable} C L?(P). Suppose
that sup ez |f(x)] < oo for all x € S and that supscr |Pf| < oo. The class F is called
P-Donsker if F is P-pre-Gaussian and the sequence of sample-bounded stochastic processes
{V/n(P, — P)f: f € F} converges weakly to Gp in >°(F).

Consider the following two semi-metrics: For all f,g € F C L?*(P),

ppa(f,g) == E[(Gp(f) — Gp(g)ﬂ = (P(f—Pf—g+Pg)?)"",

epa(f,g) = (P(f *9)2)1/2_

Remark 31. One can show that F is P-pre-Gaussian if and only if (T,pp2) is totally
bounded and there exists a version of Gp with almost surely uniformly ppz2-continuous
sample paths. Moreover, we obviously have the ordering ppa(f,g) < epa(f,g) for all f,g €
F. Therefore, one often uses the simpler epa instead of the standard deviation semi-metric

PP2-
By Theorem [17| we have the following characterization of P-Donsker classes of functions.

Proposition 12. Let F = {f : S — R : measurable} C L*(P). Suppose thatsup ez | f(z)| <
oo for all x € S and that sup e r |Pf| < oo. Then the following statements are equivalent:

(i) F is P-Donsker.

(it) (F,ppz2) is totally bounded and for every e > 0;

1 n

lim lim sup P su — —9)(X;)—P(f—9)(X;))| > =0;
imlimsupP ) - sup | = Zl ((f = 9)(X:) = P(f = 9)(Xy))
pp2(f,9)<é =
(111) (F,ep2) is totally bounded and for every e > 0;

lim lim sup P sup = z”: (f—9)(Xi) = P(f — 9)(X3))| >ep =0.

30 n—oo f.gEF \/ﬁi_1

ep2(f,9)<d B

Proof. The equivalence (i) < (ii) follows from Theorem (17| upon noting that F is P-pre-
Gaussian if and only if (F, pp2) is totally bounded and Gp has a version that has sample
paths almost surely uniformly pp2-continuous. The implication (iii) = (4) also follows from
Theorem We are left to show that (i) = (ii7). Since pp2 < epg2, Gp has sample paths
almost surely uniformly ep2-continuous. Thus, by Theorem [17 we only need to show that
(T,epz2) is totally bounded. Fix ¢ > 0. Since (T, ppz2) is totally bounded there exists an
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e-net {f1,..., fn} of F with respect to ppa. Since supscz |Pf| < oo, for each f;, 1 <i < N,
the sets {Pf : f € F, ppa(f, fi) < e} C R are bounded. Thus, for each 1 < i < N, there
exists an e-net {v; 1,...,v;n,} of {Pf: f € F, ppa(f, fi) < e} with respect to the distance
induced by the absolute value, i.e. for all z € {Pf : f € F, ppa(f, fi) < €}, there exists
vij €{Pf:feF, ppa(f,fi) < e} such that |z —v; ;| < e. Note that for every v; ; we can
find f;; € {f € F:ppa(f, fi) < €} such that v; ; = Pf; ;. Thus, for every f € F,

€bo(fs fig) = Ppalfs fig) + |Pf = Pfil°
< 2055(f, fi) + 2055(fis fij) + |Pf — Pfij|?
< 5.

Therefore, {f;; : 1 <i < N,1<j<N;}isa V/be-net of F under epz2. This concludes the
proof. O

The following main theorem in this section gives a sufficient condition under which F
is P-Donsker.

Theorem 18. Let F = {f : S — R : measurable} U{F'}, where F is a measurable envelope.
Suppose that PF? < oo and

1
sup y/log N (F, || - |
oo

where the supremum is taken over all finitely discrete distributions. Then, the class F is
P-Donsker.

Q.2:¢€[|Fllg2)de < oo,

Proof. By Proposition[12]we need to check (i) total boundedness of (F, ep2) and the asymp-
totic equicontinuity condition. The total boundedness of (F, ep2) follows from the following
lemma.

Lemma 8. supscr ‘(Pn —P)(f— g)Q} — 0 almost surely.

Proof. Let H = {(f —g)*: f,g € F}. Then, 4F? is an envelope function for H. Write
F—-—F:={f—g:f,g€ F}. Then,for f,g e F—F,

Po|f? = g% = Pulf = gllf + 9l < Pulf — gl(4F) < |[f = gllp, 2 4F || 2, 2-
Thus,

NH, |- P eldF?p) < N(F = Fo |- llp, 2, €l Fllp, 2)
< N2 |- pa2s el Fllp, 2/2)
< SgpNQ(f, - llQ.2: el Fll.2/2)-

The last line in above display is finite by the entropy integral condition and independent of
sample size n. Thus,

_ P
n~tlog N(H, || - | p,.1,€ll4F?| p, 1) = 0.

Thus, by Corollary [4| we conclude that || P, — Pl — 0 almost surely. O
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It remains to check the asymptotic equicontinuity condition. To do this, we want to
use the maximal inequalities for conditional Rademacher averages. By the symmetrization
inequality for probabilities (Theorem E[), it suffices to prove that for all € > 0,

1 n
limlimsup P sup — g(f(X;)—g(Xy))| >ep =0.
d n—oo f.9eF \/ﬁ; ( ( ) ( ))
ep2(f.g)<d -

Fix € > 0. The probability in above display is upper bounded by

P sup
fi9eF
e?onyz(fvg)<62

\}ﬁZez(f(Xz) _Q(Xi)) > ¢ —HP{ sup ‘e%ng(f’g) _6%3720079)‘ > 52}'

fgeF
(34)

For every fixed § > 0, the second term goes to zero as n — oo by Lemma |8 To bound
the first term in above display we apply Corollary Without loss of generality we can
assume that F' > 1 (otherwise take max{F, 1} instead of F'). We have,

E. sup
f.9eF
6%n72(f7g)<62

)
SC/ \/logN(]:,epmg,e)ds
0

;ﬁ S e (£ — 9(X)
=1

3/11F| pp,2
=ClIFIrs [ VIoE N (F.ep,2.l1Fllp, 2)de

é
<ClFlpe [ \flogN(Foen,a el Flln,)de
0
=: C||F|[p, 2A(0)-
Hence, integrating out over X1,..., X,, and applying Jensen’s inequality, we have
E sup

f9€F
e%n,Q(fag)<62

jﬁ S e (F(X) — g(Xn)‘ < C||F||p2A().
=1

The right side in above display is independent of the sample size n and A(§) — 0 as § | 0.
Thus, taking first the limit with respect to n — oo and then ¢ | 0 shows that the first
in goes to zero. This completes the proof. ]

40



References

Boucheron, S., Lugosi, G., and Massart, P. (2013). Concentration Inequalities: A
Nonasymptotic Theory of Independence. Oxford University Press, Oxford.

Giné, E. and Nickl, R. (2015). Mathematical Foundations of Infinite-Dimensional Statis-
tical Models. Cambridge Series in Statistical and Probabilistic Mathematics. Cambridge
University Press.

Kato, K. (2017). Lecture notes on empirical process theory. https://sites.google.com/
site/kkatostat/home/research.

Ledoux, M. and Talagrand, M. (1996). Probability in Banach Spaces: Isoperimetry and
Processes. Springer-Verlag, Berlin.

Pollard, D. (1984). Convergence of stochastic processes. Springer-Verlag, New York.

van der Vaart, A. W. and Wellner, J. (1996). Weak Convergence and Empirical Processes:
With Applications to Statistics. Springer Series in Statistics. Springer-Verlag, New York.

Vershynin, R. (2012). Introduction to the non-asymptotic analysis of random matrices.
In Eldar, Y. and Kutyinok, G., editors, Compressed Sensing, Theory and Applications,
pages 210-268, Cambridge. Cambridge University Press.

41


https://sites.google.com/site/kkatostat/home/research
https://sites.google.com/site/kkatostat/home/research

	Introduction
	Sub-Gaussian and sub-exponential probability distributions
	Sub-Gaussian random variables
	Sub-exponential random variables
	Application: Maxima over finite and structured sets

	Symmetrization
	Symmetrization inequalities
	The contraction principle
	Lévy's and Ottaviani's inequalities
	Application: Weak Glivenko Cantelli Theorem

	Maximal inequalities
	Orlicz norms
	Maximal inequalities based on covering numbers
	Application: Rademacher averages and empirical processes

	Limit Theorems
	Uniform laws of large numbers for empirical processes
	Weak convergence of sample-bounded stochastic processes
	A uniform central limit theorem for empirical processes


